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UNSTEADY BEHAVIOR OF AN ELASTIC BEAM FLOATING

ON SHALLOW WATER UNDER EXTERNAL LOADING

UDC 532.591:539.3:534.1I. V. Sturova

A solution is derived for the two-dimensional unsteady problem of the behavior of an elastic beam
of finite dimensions floating on the free surface of water under external loading. It is assumed that
the fluid is ideal and incompressible and its depth is well below the beam length. The simultaneous
motion of the beam and the fluid is considered within the framework of linear theory, and the fluid
flow is assumed to be potential. The behavior of the beam under various loadings with and without
allowance for the inertia of the load is studied.

Results of studies of the hydroelastic behavior of floating bodies (ice floes, breakwaters, and floating plat-
forms) have broad applications. The behavior of an infinite ice floe under a moving external load has been studied
in sufficient detail [1–3]. In addition, interest in the unsteady behavior of floating elastic structures has increased
recently because of the design of floating platforms for various uses. These structures have great width and length
and relatively small flexural rigidity; therefore, investigation of their hydroelastic behavior is of greater importance
than studies of their motion as rigid bodies. The operation of these platforms requires determination of their
dynamic durability with respect to the effect of unsteady external loading due to intense traffic, load movement,
takeoffs and landings of airplanes, missile takeoffs, etc. Usually, these man-made structures are considered to be of
a rectangular shape with a large ratio of length to width and a small ratio of thickness to length and width, and,
hence, the platform is simulated as a thin elastic plate.

The solution of unsteady three-dimensional hydroelastic problems is a difficult task even for linear formula-
tions and requires high computational cost [4]. In this paper, we propose a simplified model in which an elongated
rectangular plate is replaced by an elastic beam, and the problem reduces to a two-dimensional one. The depth of
the fluid is assumed to be smaller than the beam length, and the problem is solved in a shallow-water approximation.

1. Formulation of the Problem. Let an elastic beam of length 2L float on the surface of an ideal
incompressible fluid layer of depth H. The surface of the fluid that is not covered with the beam is free. The
fluid flow is assumed to be potential. The velocity potentials describing the fluid motion in the regions under the
beam and outside the beam are denoted by ϕ1(x, t) and ϕ2(x, t), respectively (x is the horizontal coordinate, x = 0
corresponds to the middle of the beam, and t is time).

A deflection of an Euler elastic beam w(x, t) is described by the equation

D
∂4w

∂x4
+ ρ1h1

∂2w

∂t2
+ gρw + ρ

∂ϕ1

∂t
= −P (x, t) (|x| 6 L), (1.1)

where D = Eh3
1/[12(1 − ν2)], E, ρ1, h1, and ν are the Young’s modulus, density, thickness, and Poisson’s ratio of

the beam, respectively, ρ is the water density, and g is the acceleration of gravity. The function P (x, t) can be a
specified function, and it describes the external pressure acting upon the beam that is independent of the beam
motion (so-called inertia-free loading). However, in the general case of the motion of a massive load on the beam,
the inertial forces arising due to combined oscillations of this load and the beam (inertial loading) should be taken
into account. In this case,
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P (x, t) = M
(
g +

∂2w

∂t2

)
Q(x, t), (1.2)

where M is the linear load weight and Q(x, t) is a specified function.
According to linear shallow-water theory, the following relation is valid:

∂w

∂t
= −h ∂

2ϕ1

∂x2
(|x| 6 L), h = H − d. (1.3)

Here d = ρ1h1/ρ is the draft of the beam.
In the free-water region, the velocity potential ϕ2(x, t) satisfies the equation

∂2ϕ2

∂x2
=

1
gH

∂2ϕ2

∂t2
(|x| > L). (1.4)

The displacement of the free surface η(x, t) is determined from the relation

η = −1
g

∂ϕ2

∂t
. (1.5)

It is also of interest to solve this problem under the assumption of a non-gravity fluid at |x| > L. This
model is used in the theory of impact to study short-duration external action on a floating elastic body [5]. For a
non-gravity fluid in the shallow-water approximation, we have the following equation instead of Eq. (1.4):

ϕ2(x, t) = 0 (|x| > L). (1.6)

If |x| = L, the following matching conditions (continuity of pressure and mass flow) must be satisfied:

∂ϕ1

∂t
=
∂ϕ2

∂t
,

∂ϕ1

∂x
=
H

h

∂ϕ2

∂x
. (1.7)

At the edges of the beam, the free-edge conditions are satisfied, which imply that the bending moment and the
shear force are equal to zero:

∂2w

∂x2
=
∂3w

∂x3
= 0 (|x| = L). (1.8)

We assume that at the initial time, the fluid and the beam are at rest:

w =
∂w

∂t
= ϕ1 = ϕ2 =

∂ϕ2

∂t
= 0 (t = 0). (1.9)

We seek the beam deflection w(x, t), the free-surface displacement η(x, t), and the velocity potentials ϕ1,2(x, t) as
the sum of even and odd components over x. Then, the initial problem (1.1)–(1.5) and (1.7)–(1.9) is divided into
two parts with respect to the corresponding components of the desired functions. In this case, the region for which
the solution is sought can be reduced to the half-strip x > 0.

We convert to dimensionless variables (primed):

(x′,H ′, h′) =
1
L

(x,H, h), t′ =
√
g

L
t, (w′, η′) =

1
a

(w, η), ϕ′1,2 =
1

a
√
gL

ϕ1,2, P ′ =
P

aρg
.

Here a is a multiplier that has the dimension of length. For inertial loading, we define the multiplier a as a = M/(lρ);
Q′ = Q/l (l is the half-length of the loaded region). Then, we use the following dimensionless coefficients:

α =
a

L
, β =

H

h
, γ =

d

L
, δ =

D

ρgL4
.

Below, the solution of the problem is derived for inertial loading, and a simpler solution for inertia-free
loading can be considered as a particular case for α = 0.

2. Even Part of the Solution. In the dimensionless variables (below, the primes are omitted), the initial
problem for the even (symmetrical) components (denoted by the superscript s) has the form

δ
∂4ws

∂x4
+ γ

∂2ws

∂t2
+ ws +

∂ϕs1
∂t

= −
(

1 + α
∂2ws

∂t2

)
Q(x, t),

(2.1)
∂ws

∂t
= −h ∂

2ϕs1
∂x2

(0 6 x 6 1);
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∂2ϕs2
∂t2

= H
∂2ϕs2
∂x2

, ηs = −∂ϕ
s
2

∂t
(x > 1); (2.2)

∂ws

∂x
=
∂ϕs1
∂x

= 0 (x = 0); (2.3)

ϕs1 = ϕs2,
∂ϕs1
∂x

= β
∂ϕs2
∂x

,
∂2ws

∂x2
=
∂3ws

∂x3
= 0 (x = 1); (2.4)

ws =
∂ws

∂t
= ϕs1 = ϕs2 =

∂ϕs2
∂t

= 0 (t = 0). (2.5)

We seek the beam deflection ws(x, t) as an expansion over the even eigen-oscillations of the beam with free ends in
vacuum:

ws(x, t) =
∞∑
n=1

an(t)ψsn(x). (2.6)

Here ψsn(x) is a solution of the spectral problem

ψsn
(IV) = (λsn)4ψsn (0 6 x 6 1),

(2.7)

ψsn
′ = 0 (x = 0), ψsn

′′ = ψsn
′′′ = 0 (x = 1).

This solution has the following form (see, for example, [6]):

ψs1(x) = 1/
√

2, ψsn = Ds
n(cosλsnx+ Ssn cosh λsnx),

(2.8)

Dn = 1/
√

1 + (Ssn)2, Ssn = cosλsn/cosh λsn (n > 2).

The eigenvalues λsn (λsn+1 > λsn) are determined from the dispersion relation tan λsn = − tanh λsn, λs1 = 0. The
functions ψsn(x) form a full orthogonal system:

1∫
−1

ψsn(x)ψsm(x) dx = δmn, (2.9)

where δmn is the Kronecker symbol.
We substitute expansions (2.6) into the first equation (2.1) and initial conditions (2.5), multiply the obtained

relations by ψsm(x), and integrate them over x from −1 to 1. Using the properties of the functions ψsm(x), we obtain
the system of ordinary differential equations (a dot from above denotes derivation with respect to time)

γäm + [1 + δ(λsm)4]am + fm(t) = −[Zm(t) + α
∞∑
n=1

än(t)χmn(t)] (2.10)

with the initial conditions
am(0) = ȧm(0) = 0. (2.11)

Here

fm(t) =

1∫
−1

∂ϕs1
∂t

ψsm(x) dx, Zm(t) =

1∫
−1

Q(x, t)ψsm(x) dx, χmn(t) =

1∫
−1

Q(x, t)ψsm(x)ψsn(x) dx.

A solution for ϕs1(x, t) is sought in the form

ϕs1(x, t) = − 1
h

( ∞∑
n=1

ȧn(t)Φsn(x) + qs(x, t)

)
, (2.12)

where the functions Φsn(x) satisfy the equation

Φsn
′′(x) = ψsn(x) (2.13)

and are written as

Φs1(x) = x2/(2
√

2), Φsn(x) = Ds
n(Ssn cosh λsnx− cosλsnx)/(λsn)2 (n > 2). (2.14)
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The function qs is unknown and needs to be determined. According to Eq. (2.1), boundary condition (2.3), and
initial condition (2.5), the function qs depends only on time and satisfies the initial condition qs(0) = 0. This
function is determined from the matching condition for the potentials ϕs1(x, t) and ϕs2(x, t) and their derivatives
with respect to x for x = 1. According to (2.4) and (2.12), we have

ϕs2

∣∣∣
x=1

= − 1
h

( ȧ1(t)
2
√

2
+ qs(t)

)
,

∂ϕ2

∂x

∣∣∣
x=1

= − ȧ1(t)
H
√

2
. (2.15)

The solution of the first equation in (2.2) with the second boundary condition in (2.15) and initial conditions (2.5)
has the form

ϕs2(x, t) =

{
a1(t− (x− 1)/

√
H)/
√

2H, (x− 1)/
√
H < t <∞,

0, 0 < t < (x− 1)/
√
H.

Hence,

qs(t) = − 1√
2

( ȧ1(t)
2

+
ha1(t)√

H

)
, fm(t) = − 1

h

∞∑
n=1

än(t)Cmn +
ä1(t)
2h

+
ȧ1(t)√
H
,

(2.16)

Csmn =

1∫
−1

ψsm(x)Φsn(x) dx.

With allowance for (2.8) and (2.14), we have

Cs11 = 1/6, Cs1n = Csn1 = −2
√

2Ds
n sinλsn/(λ

s
n)3,

Csnm = Csmn = 8Ds
nD

s
m(λsm cosλsn sinλsm − λsn sinλsn cosλsm)/((λsn)4 − (λsm)4)

(n 6= m, n,m > 2),

Csnn = −2(Ds
n)2 sinλsn(sinλsn + cosλsn/λ

s
n)/(λsn)2.

Substitution of (2.16) into (2.10) yields the following system of ordinary differential equations (ODE) for determining
the functions an(t) subject to the initial conditions (2.11):

∞∑
n=1

än

(
γδmn −

Csmn
h

+
1

2h
δ1m + αχmn(t)

)
+

ȧ1√
H
δ1m + am[1 + δ(λsm)4] = −Zm(t). (2.17)

Once the asn(t) are determined, we can find all characteristics of the symmetrical motion of the fluid and the beam.
For example, for x > 1, the displacement of the free surface of the fluid is equal to

ηs(x, t) =

{
−ȧ1(t− (x− 1)/

√
H)/
√

2H, (x− 1)/
√
H < t <∞,

0, 0 < t < (x− 1)/
√
H.

Assuming that the fluid is non-gravity for |x| > 1 and using (1.6), we have

qs(t) = −ȧ1(t)/(2
√

2);

in this case, in system (2.17), the term ȧ1δ1m/
√
H is omitted.

3. Odd Part of the Solution. The odd (antisymmetric) components (denoted by the superscript a) are
solutions of Eqs. (2.1), (2.2), (2.4), and (2.5) with the boundary condition

wa = ϕa1 = 0 (x = 0).

The beam deflection wa(x, t) is sought as an expansion in the odd eigenfunctions:

wa(x, t) =
∞∑
n=1

bn(t)ψan(x), (3.1)

where ψan(x) is a solution of an equation similar to (2.7) subject to the boundary conditions

ψan = 0 (x = 0), ψan
′′ = ψan

′′′ = 0 (x = 1).
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The odd eigenfunctions have the form [6]

ψa1 (x) =
√

3/2x, ψan(x) = Da
n(sinλanx+ San sinh λanx),

(3.2)
Da
n = 1/

√
1− (San)2, San = cosλan/cosh λan (n > 2).

The eigenvalues of λan are determined from the dispersion relation tan λan = tanh λan. The functions ψan(x)
also form a full orthonormal system and satisfy a relation similar to (2.9).

As is noted in Sec. 2, we have the system of ODE

γb̈m + [1 + δ(λam)4]bm + vm(t) = −
(
Ym(t) + α

∞∑
n=1

b̈n(t)Λmn(t)
)

with the initial conditions
bm(0) = ḃm(0) = 0,

where

vm(t) =

1∫
−1

∂ϕa1
∂t

ψam(x) dx, Ym(t) =

1∫
−1

Q(x, t)ψam(x) dx,

Λmn(t) =

1∫
−1

Q(x, t)ψam(x)ψan(x) dx.

The solution for ϕa1(x, t) is sought in the form

ϕa1(x, t) = − 1
h

( ∞∑
n=1

ḃn(t)Φan(x) + qa(x, t)
)
,

where the functions Φan(x) satisfy an equation similar to (2.13) and are written as

Φa1(x) = x3/(2
√

6), Φan(x) = Da
n(San sinh λanx− sinλanx)/(λan)2 (n > 2). (3.3)

The function qa(x, t) must satisfy the equation

∂2qa

∂x2
= 0

with the boundary condition qa(0, t) = 0, hence,

qa(x, t) = xu(t), u(0) = 0,

where u(t) is an unknown function. Unlike in the symmetrical part of the solution, in determining u(t) from the
matching conditions for the potentials ϕa1(x, t) and ϕa2(x, t) and their derivatives with respect to x for x = 1, in the
main system

∞∑
n=1

b̈n

(
γδmn −

Camn
h

+
1

6h
δ1m + αΛmn(t)

)
+

ḃ1

2
√
H
δ1m + bm[1 + δ(λam)4] +

√
2/(3H)uδ1m = −Ym(t) (3.4)

(
Camn =

1∫
−1

ψam(x)Φan(x) dx
)
,

the following additional differential equation appears:

u̇+ hu/
√
H = −(b̈1/

√
3 + h

√
3/H ḃ1)/(2

√
2).

With allowance for (3.2) and (3.3), we obtain

Ca11 = 1/10, Ca1n = Can1 = 2
√

6Da
n(cosλan − sinλan/λ

a
n)/(λan)3,

Canm = Camn = 8Da
nD

a
m(λan cosλan sinλam − λam sinλan cosλam)/((λan)4 − (λam)4) (n 6= m, n,m > 2),

Cann = 2(Da
n)2 cosλan(sinλan/λ

a
n − cosλan)/(λan)2.
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For x > 1, the free-surface displacement has the form

ηa(x, t) =

{
−[u(ξ) +

√
3ḃ1(ξ)/(2

√
2)]/
√
H, (x− 1)/

√
H < t <∞,

0, 0 < t < (x− 1)/
√
H,

where ξ = t− (x− 1)/
√
H.

Under the assumption of the fluid weightlessness for |x| > 1, the function u(t) becomes

u(t) = −ḃ1(t)/(2
√

6),

and the system of ODE reduces to system (3.4) in which the terms b1δ1m/(2
√
H) and

√
2/(3H)uδ1m are omitted.

4. Numerical Calculations. To test the computational algorithm, we used the solution of the problem
of the effect of a periodic surface pressure on a floating elastic beam [7]. The external pressure distribution in
dimensional variables was specified as

P (x, t) = aρgF (x) sinωt; (4.1)

F (x) =

{
1− ((x− l1)/l)2, |x− l1| 6 l,

0, |x− l1| > l
(l, l1 > 0, l1 + l < L). (4.2)

The calculations performed for l1 = 0 and L/2 and the dimensionless frequency ω
√
H/g in the range

of 0.1–0.5 showed that the oscillations of the beam and the ambient fluid enter a steady periodical regime af-
ter approximately 2–3 oscillation periods 2π/ω. In the steady regime, the amplitudes of surface waves and beam
deflections coincide with those obtained in [7].

To study unsteady inertia-free action on the beam, we chose an external load of the form

P (x, t) = aρgF (x)B(t), (4.3)

where the function F (x) is defined by expression (4.2), and the time dependence has the form

B(t) =


t/b, t 6 b,

2− t/b, b 6 t 6 2b,

0, t > 2b.

The initial parameters had the following values: D = 4.476 · 1010 kg ·m2/sec2, H = 20 m, ρ = 103 kg/m3,
d = 1 m, L = 200 m, and l = 40 m. For these values, the dimensionless coefficients γ and δ are equal to 5 · 10−3

and 2.852 · 10−3, respectively.
To solve numerically the systems of ODE, we use the reduction method, and the infinite sets in (2.6) and

(3.1) are replaced by finite sums with N terms. In all the calculations, N = 10, and further increase in N does not
virtually affect the result.

The calculations for a beam of finite dimensions were compared with the well-known solution for an infinite
beam (see, for example, [1, 2]). For loading in the form of (4.3), this solution has the form

w(x, t) =
aρg

πb

∞∫
0

Y (k, t)F̃ (k) cos kx
Dk4 + ρg

dk,

where

Y (k, t) =


sin Ωt/Ω− t, 0 6 t 6 b,

[2 sin Ω(b− t) + sin Ωt]/Ω− 2b+ t, b 6 t 6 2b,

[2 sin Ω(b− t)− sin Ω(2b− t) + sin Ωt]/Ω, t > 2b,

Ω2(k) = hk2(Dk4 + ρg)/(ρ+ ρ1h1hk
2),

and F̃ (k) is the Fourier transform of the function F (x) in (4.2):

F̃ (k) = 4[sin kl/(kl)− cos kl]/(lk2).

In the calculations whose results are given below it is assumed that b = 0.5 sec.
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Fig. 1. Deflection of the beam versus time for loading in the form of (4.3) for l1 = 0
and x = 0 (a) and x = L (b): the solid curves refer to the solution for a finite beam
and a gravity fluid, the dotted curves correspond to the solution for a finite beam and
a non-gravity fluid, and the dashed curve refers to the solution for an infinite beam.

Figure 1 gives calculation results for symmetric external loading (l1 = 0). The figure shows curves of
deflections of the beam w/a versus dimensionless (a) and dimensional (b) time for x = 0 (solid curve in Fig. 1a) and
x = L (solid curve in Fig. 1b). For comparison, the corresponding solutions for a non-gravity fluid (dotted curves)
are presented in Fig. 1a and b. The dashed curve in Fig. 1a shows the deflection of an infinite beam in the center
of the applied pressure. We note that all three solutions coincide in the pressure epicenter during the time interval
(t 6 2b = 1 sec) in which this pressure acts; however, after the cessation of external loading, the deflections of the
different beams considered differ significantly. The infinite beam tends monotonically to the initial state. The finite
beam in a gravity fluid also enters the initial state but in a nonmonotonic manner. For the beam in a non-gravity
fluid, the decrease in deflections with time both in the pressure epicenter and at the edges is not observed because
in this case, the generation of surface waves and energy dissipation are absent.

The oscillations are significantly larger at the edges of the beam than in the pressure epicenter (compare
Fig. 1a and Fig. 1b). The maximum deflection of the beam edge, observed at t ≈ 5 sec, is almost twice that in the
pressure epicenter.

The calculation results for asymmetric pressure application (l1 = 0.5L) are shown in Fig. 2. This figure
illustrates deflections in the pressure epicenter (x = l1) for finite and infinite beams (solid and dotted curves in
Fig. 2a). As in Fig. 1a, these solutions coincide at the moments when the pressure acts (t 6 1 sec), and then, they
gradually tend to zero. Figure 2b shows the oscillations of the beam edges at x = L (solid curve) and x = −L
(dotted curve). The maximum deflections at the left and right edges of the beam are almost equal and virtually
coincide with those in the symmetrical case (compare Fig. 1b and 2b). However, the maximum deflections appear
at different times. First (at t ≈ 1.5 sec), the maximum deflection is reached at the edge closest to the pressure
region, and it is then (at t ≈ 4 sec), reached at the opposite edge.

The effect of a moving inertial load is considered using an airplane landing as an example. It is assumed that
at the initial time, the load has velocity v and touches the beam smoothly at the point x = x0, and then it moves
in a uniformly retarded manner to the left until a full stop at the point x = x1 at the time t = t1 ≡ 2(x0 − x1)/v.
The load distribution over x is specified in the form of (4.2), where

l1(t) =

{
x0 − vt+ v2t2/(4(x0 − x1)), 0 6 t 6 t1,

x1, t > t1.
(4.4)
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Fig. 2. Deflection of the beam versus time for loading in the form of (4.3) and l1 =
0.5L: (a) x = l1 (the solid curve refers to the solution for a finite beam and the
dotted curve refers to an infinite beam); (b) the solution for a finite beam (the solid
and dotted curves refer to x = L and −L, respectively).

Fig. 3 Fig. 4

Fig. 3. Deflection of the beam versus time for loading in the form of (4.5) for α = 0 and x = L (a), 0 (b), and
−L (c): the solid, dashed, and dotted curves refer to v′ = 0.1, 0.3, 0.5, respectively.

Fig. 4. Deflection of the beam versus time for inertial loading in the form of (4.5) for x = 0 (a) and −L (b):
curves 1 refer to v′ = 0.1 and α = 1, curve 2 to v′ = 0.1 and α = 10, curves 3 to v′ = 0.5 and α = 1, and curves
4 to v′ = 0.5 and α = 10.

The function Q(x, t) in (1.2) is specified as

Q(x, t) = [1− exp (−bt)]F (x, t)/l, (4.5)

where F (x, t) was defined in (4.2) with allowance for dependence (4.4) for l1(t). We used the previous initial
parameters, except for l = 0.1L, x0 = 0.7L, x1 = −0.7L, and b = 20/t1, which are adopted in this problem.
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We first consider the behavior of the beam for α = 0, i.e., ignoring the inertia of the load. Figure 3a–c shows
deflections of the beam at the points x = L, 0, and −L versus the initial velocity of load motion v′ ≡ v/

√
gL = 0.1,

0.3, and 0.5 (solid, dashed, and dotted curves, respectively). We note that for the specified fluid depth, the
dimensionless critical velocity of gravity and flexural–gravity waves is

√
H/L ≈ 0.33. In Fig. 3b, the vertical line

corresponds to the moment when the center of application of the load passes through the coordinate origin. It
is obvious that the maximum beam deflection is reached at this moment only if the motion is rather slow. With
increase in v′, the maximum deflection at x = 0 decreases, and it appears after the load peak passes through the
point x = 0. If t > t1, the beam oscillations decay and gradually take the values corresponding to distributed
static loading with center at the point x = x1. The solution of this steady problem can be easily derived using the
method described above: in this case, the systems of ODE (2.17) and (3.4) will reduce to simple systems of linear
algebraic equations. The values of the dimensionless static deflection at x = L, 0, and −L are equal to −0.003,
−0.004, and −0.203, respectively.

Figure 3 shows that for the three points of the beam, the largest deflections arise, as a rule, on its left edge.
An increase in the initial velocity of the load leads to larger oscillations of the beam and longer time of reaching a
static regime compared with the time of motion of the load.

Figure 4a and b shows the beam deflections calculated with allowance for the inertial forces at x = 0 and
−L for v′ = 0.1 (curves 1 and 2) and 0.5 (curves 3 and 4), respectively. Curves 1 and 3 correspond to α = 1 and
curves 2 and 4 to α = 10. It can be seen that for a relatively low initial velocity v′ = 0.1, an increase in the inertial
parameter affects slightly the magnitude of deflections. However, for v′ = 0.5, an increase in the coefficient α leads
to larger deflections of the beam than those in the inertia-free case.

Conclusions. The results obtained show that the limited dimensions of the elastic beam has a significant
effect on its behavior under unsteady loading. As was noted previously for periodic external loading [7], in some
cases, the amplitudes of deflections of the beam at its edges far exceed the corresponding values for the middle
region of the beam. Studies of the effect of the oscillatory inertial forces of the load support the conclusions in [1, 3]
that the inertia of the load must be taken into account only for massive loads moving with large accelerations.
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